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Abstract

In this article, we study the asymptotic dynamics of a stochastic strongly damped plate system with
homogeneous Neumann boundary conditions and multiplicative noise. First, we investigate the existence and
uniqueness of solutions in infinite-dimensional dynamical systems using the notion of mild solutions, and then
we examine the presence of a bounded absorbing set. Finally, we investigate the asymptotic compactness by
using the decomposition technique to prove the existence of a random attractor.

Keywords: Plate equations; random attractors; strongly damped; dynamical systems.

2020 Mathematics Subject Classification: 37155, 35R60, 35B40, 35B41, 35B45.

1 Introduction

Consider the stochastic strongly damped plate equation with multiplicative noise in a bounded, open set €2 of
R™(n = 5) with smooth boundary 9:

d t
utz+aA2ut+A2u—|—Eu—|—g(u):f(x)+cu0%, zeNt>0,
u(z,0) = uo(z), u(z,0) = ui(z), z €N t<0, (1.1)
ou
= =0 t>0
ulon an|ém , >0,

where ¢, @ and ¢ are positive constants, A represents the Laplacian with respect to z € R®, u = u(x,t) is a real
function in Q x [0, +00), where ug € Hg(Q), ur € L*(Q), f(z) € HE(Q) N H*(Q) are represents given external
forces. W(x,t) is an independent two-sided real-valued Wiener process on the probability space (2, F,P),where

Q={w = (w1, Way.eer, wm) € C(R,R™) : w(0) = 0},

is endowed with the compact open topology and P is its corresponding Wiener measure. F is the completion of
the Borel o-algebra with respect to P— on Q. We identify W (t) with (W1 (¢), Wa(t),....., W(t)), i.e.,

W(t) = (Wi(t), Wa(t),......, Wn(t)), t € R.
Define a time shift. (0¢)ter on Q by
Orw(-) =w(-+1t) —w(t), teR, we.
The nonlinear term g is a C' — function with g(0) = 0 and satisfies the following conditions:
(h1) There exists constants 0 < p < 4,n > 5, and a positive constant C7 such that
lg'(w)| < Ci(1+ |ul’) ,V u €R, (1.2)
and

(h2) There exists positive constants

lim inf MEO,VUE R,

lul—so0 U

(wu — 1G(u) (1-3)

lim inf 2 >0, VueR
|u]—o0 u

(h3) There exists constants k > 0 and w1 such that for ally € (0, p1), there is a value of u; € R that satisfies.

{ kG (u) — pu’ + ¢ < ug(u), Vu € R

(1.4)
G(u) = pllul|”*2 + cullull®, VueR

18



Bakhet et al.; Asian Res. J. Math., vol. 19, no. 2, pp. 17-35, 2023; Article no., ARJOM.93501

where G(s) = [ g(r)dr.

The study of asymptotic behavior of dynamical systems is a crucial issue in mathematical physics, with notable
progress made in recent years. In deterministic systems, the global attractor, a compact set that is invariant
and attracts nearby points, is central to understanding dynamics (as seen in Temam [1]. This paper focuses on
the random attractors of equation (1.1) when the forcing term is time-independent. To study the equation’s
dynamics, two parametric spaces are introduced: one for deterministic forcing and the other for stochastic
perturbations. The existence and upper semi-continuity of the global attractor and pullback attractor (or kernel
sections) for deterministic autonomous and non-autonomous systems have been widely studied in relation to
this problem(as seen in references [2, 3, 4]).

Several authors have introduced a distinct notion of attractors for stochastic partial differential equations,
including H. Crauel [5, 6], Morimoto [7], L. Arnold [8, 9], J. Duan, K. Lu and B. Schmalfu3 [10], J. Hale,
X. Lin and G. Raugel [4], T. Caraballo, and J. Langa [11, 12]. They have studied the existence and upper
semi-continuity of attractors for deterministic and random dynamical systems, respectively. They established
general criteria for the existence and upper semi-continuity of attractors in non-autonomous stochastic evolution
equations with time-dependent external terms and multiplicative noise. Wang[13] developed a useful theory on
the existence and upper semi-continuity of random attractors by introducing two parametric spaces and applying
it to non-autonomous stochastic reaction-diffusion equations and wave equations. For further information (see
[14, 15]).

In recent years, numerous advancements have been made in the study of systems related to equation (1.1). The
dynamics of deterministic hyperbolic equations have been explored and shown to have global attractors, which are
finite-dimensional objects despite being subsets of an infinite-dimensional phase space. Some examples include
the existence of global attractors for linear damped plate equations with critical exponent (A. Khanmamedov([16],
G. Yue and C. Zhong [17]), nonlinear damped plate equations [18, 19], strongly damped plate equations with
white noise (Ma et al.[20]), and strongly damped wave equations ([21, 22, 23, 24, 25]). Further references for
this area of study can be found (see[26, 27, 28, 29, 30]). In [31], the analysis of fractional-order proportional
delay physical models was studied via a novel transform. Bhadane P. et al. in [32] investigated the approximate
solution of the fractional Black-Scholes European option pricing equation by using ETHPM. Hamoud A. [33, 34]
provides recent advances on reliable methods for solving Volterra-Fredholm integral and integro-differential
equations, and discusses some powerful techniques for solving nonlinear Volterra-Fredholm integral equations.

Recently, researchers have discovered the presence of random attractors for various equations, as indicated in
references([35, 36, 37, 38, 39]). However, there is a lack of research on random attractors for equation (1.1).
This article aims to study the existence of random attractors for the system (1.1) - (1.2). Proving compactness
of the generated random dynamical system is challenging, but its asymptotic compactness can be established
by using the solution decomposition method, as shown in references(see[28, 40, 41]).

The paper is structured as follows. Section 2 reviews basic concepts and properties of general random dynamical
systems. Section 3 establishes the framework for (1.1) by providing the basic settings, demonstrating that
it generates a random dynamical system in an appropriate function space, and establishing the existence and
uniqueness of solutions. In Section 4, uniform energy estimates for the solutions of (1.1) defined on R® are derived
with the aim of proving the existence of a bounded random absorbing set and the asymptotic compactness of
the associated random dynamical system as ¢ — oco. In section 5, we discuss the decomposition of solutions in
order to obtain the asymptotic compactness. Then, existence of a random attractor is proven in the Section 6.
Finally, we give the conclusion.

2 Random Dynamical Systems

This section serves to refresh our understanding of basic concepts related to RDS and random attractors (further
details can be found in [5, 6]) in order to obtain our main results, it’s crucial to recall some definitions and
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properties concerning the asymptotic behavior of random dynamical system defined by (1.1). We consider
(X, ]l - lIx) to be a separable Hilbert space with Borel o—algebra B(X) and (Q, F,P, (6:):tcr) to be a metric
dynamical system.

Definition 2.1. [5] Consider a metric dynamical system (Q, F,P, (0)tcr). The mapping ¢ :RT x Qx X — X
is defined as a RDS if it is measurable with respect to the sigma algebra (B(R1) x F x B(X), B(X))— and satisfies
the following properties:

(i) 60,0z = =

(i) ¢(s,bw) 0 p(t,w)x = P(s+t,w)x;

for all s,t e R, z € X andw € Q.

If, in addition, ¢ is continuous with respect to t < 0 and w € Q,it is referred to as a continuous RDS.

Definition 2.2. [6] A mapping ®(t,7 ,w,z) : RY x R x Q x X — X is referred to as a continuous cocycle on
X over R and (2, F, P, (0:)ter),if it satisfies the following conditions for all T € R ,w € Q and t,s € RT:

i) O, T,w,z) RYXRxQx X = X is a (BRT) x F, B(R)) is a measurable mapping with respect to the sigma
algebra,

it) ®(0,7,w,x) is the identity function on X,

iir)) ®(t+s,Tw,x) =Dt 7+ s,0sw,2) 0 D(s, T,w,T),

w) O(t,T,w,z): X = X is continuous.

Definition 2.3. [42] A set-valued mapping B : Q — 2% is referred to as a random closed set if for all B(w)
is a closed set,non-empty, and The functionw — d(z, B(w)) is measurable for all x € X, w € Q. A random set
B := {B(w)}weq is referred to as tempered if.

lim e~ " d(B(f_sw)) = 0,

t—o00

for a.e. w € Q and all n > 0, where d(B) :=sup, ,cp d(z,y).

Definition 2.4. [43] Let D be a collection of random subset of X and K = {K(1,w) : 7 € R,w € Q} € D,
then K is called an absorbing set of ® € D, This means that for any 7 € Ryw € Q and B € D, there exists a
T =T(r,w,B) > 0 such that for all B € D, the following holds:

Ot ,7,0_w,B(r,0_w)) C K(t,w) , Vt >T.

Definition 2.5. [/4] Let D be the collection of all tempered random sets in X, and a random set A :=
A{(w)}wea € X is called a random attractor for the RDS ¢ if P-a.s.

(i) A is a random compact set, i.e. A(w) is nonempty and compact for a.e. w € Q and w — d(x, A(w)) is
measurable for every x € X;

(i) A is p—invariant, i.e. ¢(t,w, A(w)) = A(Ow), for allt > 0 and a.e. w € Q;

(#i) A attracts every set in X, i.e. for all bounded (and non-random) B C X,

tlim dist(p(t,0—+w, B(0_w)), A(w)) =0, a.e. w € Q.
— 00

Lemma 2.1. [6] Suppose there exists a random compact set { K (w)}weq that can absorb all bounded, non-random
sets B € D, for the continuous random dynamical system on E over (Q, F,P, (0+)tcr). Then, the set

A = {A(w)}wEQ = m7

is a global attractors for ¢, where the union is taken over all bounded B C X, and AB(w) is the w— limits set
of B, defined as:

Ap(w) = ﬂ U(¢(t, 0_iw, B(6_w)), A(w)), w € Q.

T>0t>T
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3 Existence and Uniqueness of Solutions

In this section, we explore the existence and uniqueness of solutions to system (1.1) in a bounded subset
of @ C R",(n = 5). We make the following assumptions: (i) — (iéi) are satisfied, the space E and the
probability space (Q,F,P, (0;)cr) are defined as in Section 1. Further, let the set A = A? is defined as
the collection of all functions satisfies Neumann boundary condition on Q. Then, domain of A is defined as
D(A) = {u € HYQ) N H5(Q) : 2%|sq = 0}. Clearly, A is a self-adjoint and positive linear operator with
eigenvalues {\; }ien:

0=X <A <A< <A< N =400 (1= 400).

Let E = H3(Q) x L*(Q), which is a separable Hilbert space endowed with the usual norm
1
Y152 22 = (1Aul® + JJo]*)2 - for Y = (u,0)7, (3.1)

where || - || denotes the usual norm in L?*(2) and T stands for the transposition. it could be defined the powers
A" of A for r € R. The space Vo, = D(A") is the Hilbert space with the standard inner product and norm,
respectively

((Npeary = (A" A7), |- llpary = 1A - 1|, ((u, u)) = /QAuAvdw, 18 = (4, )2

Let VYu,v € H3(Q). Especially, (u,v) and | - || denote the L*(Q) inner product and norm respectively,
(u,u) = [uvde, ||lu| = (u, u)% Yu,v € L*(R2). Therefore, the injection from D(A") < D(A®) is compact if
r > s. This leads to the satisfaction of the generalized Poincaré inequality

lul|2 > Xollul|? Where Xo >0 is the first eigenvalue of A.

The goal is to turn problem (1.1) into a deterministic system with random parameters and no noise terms and
demonstrate that it creates a random dynamical system. This is accomplished by using the Ornstein-Uhlenbeck
process derived from Brownian motion, which follows It6 differential equation

dz + azdt = dW (t), (3.2)
therefore, the solution is given as follows:

O:w(s) = w(t+s) —w(t),

(3.3)
z(0iw) = —a | €°(biw)(s)ds, s,teR, we.

It has been established in [9, 28, 45] that the random variable |z(w)| is tempered, and there exists a set Q C Q,
which is 6; -invariant and has full measure according to P, such that for all w € Q, the mapping ¢ — z(f;w) is

continuous with respect to t
lim e *|2(0_w)| =0, Va>0, we. (3.4)

t— o0

Equation (3.3) has a random fixed point in the context of random dynamical systems, resulting in a stationary
solution called the stationary Ornstein-Uhlenbeck process (refer to [5, 6, 28, 35] for further information). For
ease of use, in the following, it is denoted as €2 instead of 2.

Lemma 3.1. (Refer to [29, 40, 45]) The Ornstein-Uhlenbeck process in equation 3.8, denoted as z(O:w) , is
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rewritten as:

1
tilgloo n /_t z(0sw)ds = E[z(0,w)] = 0,

1 [0 1 (3.5)

lim f/zeswds:Ezesw = —,

i [ +(0w)ds = B0 = =
lim 1 /O 2(0.0)[2ds = E[|2(0.w)"] = —

t—doo t ¢ s B s B 2(57

by (8.5), there exists T1(w) > 0 such that for all t > T1(w),

/0 2(0sw)ds < 2, ’ |2(0sw)|?ds < 1, (3.6)

—t ° \/7T(S ’ —t ° 26 ’ ’

To make equation (1.1) easier to evaluate, it is useful to convert it into a first-order equation in time.v =
us + eu — cuz(0:w). This can be achieved by defining

d

ditb =v — eu + cuz(bw),

dv

o = (e adv— (e —ad+ A+ pu—g(u), (3.7)

— (v —2eu + cuz(bw) + (A — 1)au)z(0w) + f(x),

u(z,0) =uo(z), v(z,0)=vo(x) =wui(x)+ cuo(x) — cuo(x)z(brw),

Let
U el -1
Y_<v)’ L_(EI—aA+A—|—;L —5]—|—aA)’
and
. cuz(frw)
Qt,w,Y) = ( —g(u) — (v — 2eu + cuz(bw) + (A — 1au)z(0iw) + f(x) ) ’
Then, equation (3.7) has the simple matriz form
Y + LY = Q(t,w,Y) (3.8)

it is defined

Y1 =u, 2= (C%L + eu — cuz(fw), (3.9)

given a positive constant €, equation (8.7), can be expressed as an equivalent system with random coefficients in
E as follows:

% = ’lﬁg — Swl + C¢1Z(9tw)v
% =(e—ad)ps — (e —aA+ A+ p)1 — g(¥1), (3.10)

— (Y2 — 2evp1 + cp12(0rw) + (A — D)arh1)z(0:w) + f(z),
Y1(z,0) = uo(z), 2(x,0) = vo(z) = ur(z) + euo(z) — cuo(z)z(Orw),
equation (3.10), the random differential equation, can be expressed in vector form as follows:
{ Y+ Ly = Q¢ t,w),

. (3.11)
Yo = (¥1(2,0),¢2(x,0)) = (uo(x), ur(x) + euo(x) — cuo(z)z(0rw)) ",
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whereas

oo ® L el I
T\ e )7 " \Nel—-aA+A+p —el+aA )’

and

s = o )

Y —g9(th1) — (b2 = 261 + chr2(0iw) + (A — Dahr)z(0hw) + f(z) )

In accordance with references [1, 42, 46], it is established that the operator L in equation(3.11) is the infinitesimal
generator of Co-semigroup e, of contractions on E for t > 0, and also generates a Co-semigroup e~ =t of
contractions on E. Due to assumptions (hz) and the embedding relation H3(Q) — L'°(Q), it can be verified
that Q(¢,t,w) : E — E is locally Lipschitz continuous with respect to ¢ for each w € 0, using the classical
semigroup theory for (local) existence and uniqueness solution of evolution differential equation [46]. This leads
to the following theorem.

Theorem 3.2. Assume that h1 — hs hold, for each w € 2 and for any Yo € E, there exists T > 0 such that
(8.11) has a unique mild function (-, w, o) € C([0,+00); E) such that ¥(0,w, o) = ¥ (0) satisfies the integral
equation
t
"/’(t‘%d’o) = e_Lt'Z/}O(w) + / eL(t_S)Q(w(vayw0)795w78)d8' (312)
0
However, ¥(t,w, o) is jointly continuous in (o) and measurable in w.
According to Theorem 8.1, it is known that for P-a.s. each w € €, , the following results hold for all T > 0
(i)- if tho(w) € E then, Y(-,w, o) € C([0, +00; E),
(#)- Y (t,w, o) is jointly continuous into t and measurable in 1o (w),
(#41)- the solution mapping of equation(3.11) possesses the properties of a Random Dynamical System.

The solution (-, w, o) of equation(8.11) defines a continuous random dynamical system over R and (Q, F, P, (0¢)ter),
and this solution mapping has been noticed to be unique.

O(t,w) :RxQx Ew E,t >0,

$0,0) = (u0(w), ta(w),) = (ult,), o(t,),)T = (e, ), (319
generates a random dynamical system and, in addition,

B(t,w) : Yo = 1h(0,w) + (0, cuz(fow)) " = Y (t,w,Yo) = 1h(t,w, o) + (0, cuz(Bw)) ", (3.14)
where Yo = (uo,u1)' and o = (uo,us + cuz(fw))’, ®(t,w) is a continuous random dynamical system
associated with the problem (3.8) on E. ®(t,w) has a relationship with ®(t,w)

B(t,w) = R(O:w)P(t,w)R™ " (frw) (3.15)

The transformation R(6ww) : (a,0)T = (a,b — cuz(6iw) " is a homeomorphism of E, and it is also defined
Y1 =u=11, P2 = us + €u, (3.16)

similar to equation(8.11), it was obtained that.

{(P/_FH(LP) :QE((Pvtvw) (3 17)
@o(,0) = (u0,v0) " = (uo(w), w1 (x) + cuo(x)) ", '
whereas

v= ( v >’ H(SO):< (e—aA+ A+ p)u— (e —al) )’
and

Q699 = () 90 + 160) )
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An isomorphism Tep = (1,02 —ep1)', @ = (1,92)" € E, was introduced. It has an inverse isomorphism
T o= (p1,02 +ep1)", and it follows that (6, ) maps.

D (t,w) = Te®(t,w)T—c : wo = (t,w, vo) (3.18)

A random dynamical system associated with (3.16) is defined, where @9 = (uo, u1 + eup — cuoz(ﬁow))T and T :
(a, hE — (a7b_—i— aa)T is an isomorphism of E. It should be noted that all the random dynamical systems

D(t,w), P(t,w), P (t,w) are equivalent. This article will study the existence of random attractor for RDS ®
based on this theorem.

4 Uniform Estimates of Solutions

This section will demonstrate the existence of a random absorbing set for the RDS ¢ (¢,w, po(w)),t > 0 in the
space E, and provide uniform estimaties on the solutions of (3.11) defined on R™ (n=>5). For this purpose, a new

1
Hilbert space E will be introduced. It is defined as (p,¢)r = 'y(A%ul, A%ug) + (viv2) and ||¢||le = (¢, @) 3 for

any ¢ = (ul,vl)—r, p= (u%vg)T € E, where « is chosen

_ 44 ari + 51
4—|—2(a)\1 —0—51)014-,3%/)\1’

v (4.1)

It is clear that the norm |- || is equivalent to the usual norm || - || gz 2 of E.

Lemma 4.1. For any ¢ = (u,v)T € E, it follows that

3 3 (0%
(H(p) ) > Sl + lullz + 5 0],

Proof. Let o(t) = (u(t),v(t))” and H(p) € E, it is obtained
(H(®), 0)r =llelE — ellullz + (@ =) Joll* — e(a — &) (u, v)
>ellull3 + (a = e)l|v]|* — e(a = €)(u, v)
5 a
=l + el + & ol
g

Lemma 4.2. Under the assumptions (h1) — (hs), there exists a random variable r1(w) > 0 and a bounded ball
By(t,w) C E, centered at 0 with random radius ro(w) > 0, Bg(0,ro(w) € D(E), For any bounded non-random
set B C D(E), there ezists a deterministic time T = T(t,w,B) > 0, such that the solution ¢(t,w;p(w)) of
equation(8.17) with initial value (uo, w1 + euo,no)” € B satisfies, for almost all with respect to P — a.s. w € 1,

l(t w; (0,w)lE < T5(w), t > T(B).

Proof. For any w € Q, ¢ > 0, let p(t) = (u(t),v(t)) € F be a mild solution of (3.17). By taking the inner
product (+,-)g of (3.17) with ¢(t) = (u,v) = (u, us + eu — cuz(fw)) ", it is obtained that

3 Sl + (H(p,0))5 = QU 1), ), (42)

As a result of Lemma 4.1,

€ a
(H(p, 0D = Slell® +ellull} + 5 o], (4.3)
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let us evaluate the right side of equation (4.2)
Qe w,1), ) = ((cuz(Buw), u)) + (cule — ad)z(bw), w) + (*uz® (Gw), w)

+(evz(Ow), w) — (g(u), w) + (f(z), w) (4.4)
By using the Cauchy-Schwartz inequality, it can be determined that

((cus(6u), ) < Iell=0u) (1.5
cleus(B). ) < elel =0l ol < DL (ul + o), (1.6
(€0 (0. 0) < Je* |20 Pl ] < S o0 Pl + ), (4.7
(cws(0), w) < [el=(6)] ], (1.9
(F@),w) < 2W @I + &, (49
ofcuz(01), Aw) < alel|=(0)] Jul ] < 2O oz y ), (4.10)

By using (h2), (h3) and the and the Holder inequality, the nonlinear term in (4.4) can be estimated as follows:

(g9(u),w) = (g(u), ut + eu — cuz(bsw))

4.11
- % fU Gu)dzr + € (g(u),u) — cuz(6w)(g(u), u) . ( )
As a result of (3.3), (h1), and (h2), and thepoincaré inequality, there exists positive constants p1, pa
(9(w), u) — KG(w) + urJully + 2 > 0, (412)
It is deduced from (1.4) that, for each given instance us, pus > 0
(9(w),w) < psl|ull3 + pa, (4.13)
d
(9(u), w) > E/ G(u)dz + ekG(u) — e(palull3 + p2) = lel|2(0:)|(usllul3 + pa).
U
d
= 5/ G(u)da + ekG(u) — (ep1 + |e||2(0sw)|ps) |ullz — epz — pale]|2(6w))- (4.14)
U
Where G(u) = [,, G(u)dz. Collecting (4.5)-(4.14) and (4.4), showing that
d
(Qle,w,t),9) < _ﬁ/ G(u)da — ekG(u) + (ep1 + [e||2(0sw)|p3) |ull3 + gz + pale]|2(w)
U
A|z(0:w) 2 2 2 4€2|c|?|z(0rw)|? 2« 9 2 2
L + + = )3 + = + 21111 4.15
Ve (lellz + [lw]") o lullz + 7 lwl” + — 1171l (4.15)
Substituting all into (4.2) results in
1d 2 € 2 2 g 2 o 2
22 Nl + 26 + Sl + wl®) + 2linla + Sl + ehGiu)
Alz2(0w)? o o AE%[c?|2(0uw)|? ,
< ———(||Jullz + |w||7) + (————=——— + |||z(O:w +¢€ U
SRV W (lullz + [lwll") + ( o lel|z(Bcw) pa + epa)llull2
lellz(@c) 2 2 2
iz + A7 + epz + pale] 2(6w)]- (4.16)
By defining o = min{e, ek, 3} and [[¢]|* = (|[ul|3 + [|w]|*), the following equivalent system arises
5 77 Ulelle +2G (W) + p(t 0w) (el +2G(w)) < ZIIFIIP + epz + palel|2(6:w) - (4.17)
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Where
Alz(0w)? | 4e?|e]’|2(0uw)

2\/X() o/ )\0

Using Gronwall’s inequality on equation (4.17) over [0,t], it has been that

lcl]2(0:w)]
2

plt,010) = & — puslel|=(8u)]| — ( e + ) (4.18)

—2 [t p(s,05w)ds
ot w, 9o)lI% + 2G(u) < €720 PP |13, 4 2G (uo)]

2 ‘ — ¢ T w T
FE I 4 apa) [ e iy
0

t "t
+,u4|c|/ e I3 P07 (g,00) |ds. (4.19)
0
Substitiuting w by 6_;w, from (4.19) as a result

(£, -1, 9o (0—c)) || + 2G () < e~ 2Jo P03 110 (9 ) (1% + 2G (uo)]
22 b et w)dr
+(EHfH + epst) e s ds
0

t "t
+M4|C|/ e S POt 50, ) | ds.
0

0
< elmeple g0 13

2 2 0 — [0 p(r,0,w)dr
AP o) [ Iy

0
Tuale] [ e 2 PO (g ) ds. (4.20)

—t

As stated in (4.18), it is understood that

1 1 N 421
2\/X0\/§a CY\/)\O\/iO(

Note that (4.12) and (4.13) lead to the conclusion

le|(ns + l)é + ) <o. (4.21)

2

kG(u) < (9(w),w) + pallull3 + p2 < (pa + pa)|[ul3 + pz + pa. (4.22)

It follows from Lemma 4.1, po(0_iw) € B(f—w), and , and the tempered property of B(w)

lim 2 /% PO 1600 ,w)||2 + 2G (uo)] = 0. (4.23)

t—+o00
The following integral converges, as |z(fsw)| is tempered
2 2 2 0 7f0 (1,0rw)dT
po(w) = (U™ +epe +C)/ e s PTITEET (1 + |2 (Osw) ) ds. (4.24)

Lemma 3.1 and the fact that g € L*(U), yield

l(t, 01w, 0o (0-1)) I < p* ().

From (4.22)-(4.23) and Lemma 4.1, there exists a closed measurable absorbing ball By(w) = {¢ € E :
lpo(0—tw)||lz < p*(w)} with a positive time 7' = T(0, B,w) > 0 such that ¢(t,0_sw,p0) = @o € Bo(w) €
D(E) holds p-a.s. for w €

lp(t, 61w, po(6-1w))|I5; < p*(w),

is complete the proof. O
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5 Decomposition of Solutions

To obtain regularity estimates later, the nonlinear term in equation (3.3) was decomposed as in[28, 40, 41]. At
first, the following decomposition given on nonlinearity g(u) = g1 (u) + g2(u) where g1, g2 € C* functions. These
functions satisfy the following conditions for some proper constant:

lg1(s)l < C(ls| + [s]"), Vs € R,

sg1(s) 20,

5.1
3 p2, Y1 > 0 such that V 9 € (0,94], (5-1)
J ey €R, p2Gi(s) + 95> —co < sg1(s), Vs €R,
and ,
lg2(s)| < C(A+[s]”), Vs€ R,0<p<5,
3G2(s) — C < sg2(s), (5.2)
— gsz—Cng(s), VseR,
where
Gi(s) =[5 gi(r)dr,i=1,2.
The solution ¢ = (u, w)T of the system (3.15) was decomposed into two parts,
Y=L+ eN
where ¢r = (ur,wr), on = (un,wn) respectively solves the following equations
o1+ H(pr) +Qi(pr) = 0, 53)
pr(0,w) = (uo,u1 + euo — cuoz(ﬂtw))T, t>0, '
and , B
en + H(on) + Q2(p, 1) = Q2(w), (5.4)
on(0,w) = (0,e2(0iw), O)T» t>0, .
where
0 0
Qilpr) = | g1(ur) |, Qz(p, o) = | g(u) —gr(ur) |,
0 0
5 cun z(0rw) (5.5)
Q2(w) = | —cz(biw)(vn — 2eun + cunz(Bww)) — g(u) + f(z)
cun z(0rw)

To prove the existence of a compact random attractor for the RDS @, it is shown that the solutions of systems
(5.3) and (5.4) are similar to the solution of system (4.2), with one decaying exponentially and the other being
bounded in a higher regular space. In order to obtain the regularity estimate, some a priori estimate for the
solutions of system (5.3) on Q x [0, co] will be proven.

Lemma 5.1. Consider a bounded non-random subset B of E, for any v (0,w) = (uo,u1 +5uofcuoz(9tw))T € B,
there holds

oL (0,w; or(0,w)||7 < r3(w), (5.6)
where @1, = (ur,vr)T satisfies (5.3).

Proof. By taking the inner product (-,-)g of (5.3) in LQ(U) with ¢, = (uL,vL)T, where v, = ur: + eur, and
using initial values (uo,u1 + euo — cuoz(8:w))7, it follows that.

1d

@ leclls + (H(pw), on)p + (Qi(or), o) =0, (5.7)
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there holds after a simple computation
€ et
(H(pw)son)p = 5 (luels + [loz]®) + 5oz, (5.8)
given that e satisfies (4.4), the third term of (5.7) can now be estimated as.

(QeL), pr) = ( gl(?u) ) ( 1:2 ) (5.9)

(g1(ur),urs +eur)
4Gy (uL) +¢ [y, g1(ur)urde.

As a result of (5.1)2 and (5.1)3, it follows

Gi(ur) >0, gi(ur)ur >0,

5.10
%G1(UL)+€ngz(uL)ude2 %Gl(uL)JrkosGﬂuL)+519HuLH276019. ( )
By combining (5.7)-(5.10) and (5.3), it follows
d , - .
= (Il +2Gi(un)) + 201 (llenly + 261 (ur)) <o, (5.11)
whereas p = ecy and o = min(§, §, §, ko¢)
lorl +2G(ur) > llecl = 0, (5.12)
hence T
PLo,w) = (@O(H*tw) + C’U/Z(thw)) (513)

< (r2(w) + cuz(bw)) = p2(w) € Bo(w).

By combining (5.1)1, (5.11), and (5.13), and applying Gronwall’s inequality to the result over [0,t], it can be
proven with the definition of Bo(w) and Lemma 4.2.

||@L(Oaw7@L(‘r,w))HE S Tg(w)- (514)

The proof is completed. g

Lemma 5.2. There exists a positive constant o1 > 0, such that for any bounded non-random subsetB of F, it
T
holds that for any pr(0,w) = (uo,ur + euo — cupz(biw)) € B, we have

HSOL (07 wiPL (07 w))HQE < Ti (w)€201(w)t7t >0, (515)
whereas @1, = (ur,vr)T satisfies (5.3).

Proof. Like Lemma 5.1, consider equation (5.7). According to (5.1), (g1(ur),(ur)) > 0, g1(0) = 0 has a
non-negative value of. By applying the Sobolev embedding theorem H' c L® ¢ L* C L? and using (5.6), a
conclusion can be drawn

0 S é1(’LLL) S / G1(u1)d$

U
< C(Jlurl? +QIIUL||6L6) (5.16)
< pa(W)lulli,

aillur|f > 525G (ur), ¥ ur € R,

As a result of (5.7) and (5.16), the following conclusion can be drawn

d ~
ZUerllE + 261 (un)) + 201 llerll + 2/)%

® Gi(ur) < p. (5.17)
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Since o1 (w) = min [o1, #@)}
By utilizing Gronwall’s inequality on equation (5.17), the following result is obtained

t
i 0.0 01.0.)15 < (e O@)IE + Galur(0)) 7 p [ et

0
< (p? ( )+Gl(uL(0))> eZol(w)t +pf(;f 6—2471(s,w)d87 (518)
< ri(w)
By using (5.1)1, the following estimate can be obtained
Gi(ur) = / Gi(u)dr < C(llur|)® + lJurllSe) < Cyllurlf < Copr® (W), ¥V ur € R. (5.19)
U
By combining all equations (5.13) and (5.18)-(5.19), the final result of (5.15) can be obtained
t
) < (p(w) + G (@) 7 4 p [,
0
The proof is completed. u

Lemma 5.3. Assume that (h1) — (hs) hold, and (5.1)-(5.2) are satisfied, there exists a random radius rs(w),
such that for P-a.e.w € , it holds.

’ < rs(w), (5.20)

14v 2 v
’ uNH +HA2(U/Nt

whereas 14
V:min{z,%p}, VO<p<d (5.21)

Proof. According to (5.6), (4.1), and the definition of pn = ¢ — ¢, there exists a random variable r(w) > 0
such that

max{|[|¢(0, w, (0, w))|| &, [len ((0,w, n (0, w))) || 2} < 7(w). (5.22)
By taking the inner product of (5.4) with (A”pn, A”wn)” using the inner product (-,-)g, it can be found that.

(PN, A”oN) + (H(pn), A"on) = (Qz(@w,w,t),A”wzv) (5.23)

By using (5.21) and referring to Lemma 4.1, the following result can be obtained

A%wNH2 , (5.24)

“unl[} + Jazen]) + 5

v €
ey (e
Next, the right-hand side of equation (5.23) will be estimated, resulting in

(QQ(SQJ\U W, t)7 AV(PN) =
((cunz(Orw), A”un)) — (cwnz(Orw), A”wN) (5.25)
+ (2ceunz(0:iw), A¥wy) — (Cunz?(0:w), A"wn)
- (g(u) - gl(uL)7 AVwN) + (f(:c)vAVwN)*

Now, the right term in equation (5.25) will be handled by utilizing (4.5) to (4.10) and (5.21), leading to
Y 1w
((cun2(8uw), A"un)) < lel|2(0w) | A7 un]?, (5.26)

(cwn=(Biw), Awn) < lel|=(Bu) |45 wy 2, (5.27)
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(v 0 Ay < SO (3

+v 2 v 2
3 +]|A® , 5.28
< un | + A% wn?) (5.28)

2 2
(@20, A°w) < LR A 4 S ), (5.29)
v 1 v « v
(f(zx), Awn) < a\lz‘lzf(ﬂﬂ)ll2 + Z||A2WN|\2~ (5.30)

For the nonlinear term, it is straightforward to demonstrate that

(9(u) — QI(UL)7AU7«UN) (g( ) g1(un), A (un + eun — cuNz(Htw)))
<& fU — g1 uL))A”uNdac—i—fU —gl(uL))A”uNdm
— fU ut —gi(ur)ur,) A% undx — CfU u) — g1(ur))A%unz(Orw)dz,

Next, by using (1.2), (5.1) to (5‘2), the Cauchy-Schwartz inequality, and the Young inequality, the following

conclusion can be reached

/ (¢ (wue — g (urYur) A undz = / (9 () — g (un))ue + gy Yune + gh(w)ur) A%und, (5.31)
U U

As a result, the following inequalities are obtained

/ (g4 (u) — g (ur) ) A undz < C / g (u+ 0(u — ur))u — ur|Jus]| A uy]dz
' < C Jy (14 [uf 4+ ur ) [u A" ux sl do
< C (14 llullzao + ucllfio) sl g
<k () AT un |
< 4ek} (W) + 5114 unl?,

(5.32)

and note that v < %

/gé(u)utA"uNd:c < C/(1+|u| Y ue||A”un |dx

’ S CA A lullf 1o IIA unllL go_[luellz2
< O+ | Vully )HAVUNHL 10 ||ut||L6
< 4ekd (W) + 5[4 UN||

(5.33)

T+4v
1+v v
< O+ o)A unlly a4l g, (530
< deks () (|AZun|® + [¢]?) +

1tv
/gi(uL)uNtA"UNdxSC(1+||UL||i10)|\A T unllp g A unel g
. v

2 ’U/NHiH{%
and
[ (6 = gr(wn)) 14°ux12(60) da
U
<C/[,d u—|—6’(u—ul))|u—uL||A”uN||z(0tw)|dx

< C’fU (1+ |u|4 + |ur|* ) |uN||A”uN|| (0:w) \da: (5.35)
< C (1 lullzio + ucllzio) | 2(0sw)]

< e (kF (W) + [2(6w)]?) + 5

il

By combining equations (5.24) to (5.35) into (5.23), it can be demonstrated that

2t (14702l +20000) — 01(u) + £ [4% ][+ Flat —gn(un)
< palel|= 04 gl + Cl)l + ) + B(0) (5.36)
TR + K (@) + O + 20 1 1A 1@

30



Bakhet et al.; Asian Res. J. Math., vol. 19, no. 2, pp. 17-35, 2023; Article no., ARJOM.93501

By applying Gronwall’s inequality to equation(5.36), the following result is obtained.

HA%WQ(t,w,gp(Qw))HZ
< (147 92(0,w, 0(0,w)) 1% + 2(9(u(0, w, 9 (0,w))) = g1 (uc (0w, <P(O7w)))
< (142 g2l + (9(w) — gl(uL))) o2 S (o —palel|2(05w))) (s,w)ds
+ fi)t pl(‘U)QQfé(g_“Q|C‘|Z(9<W)|)(<,w)dgds‘

(5.37)
put
pr(w) = C@)[1+ ki (w) + k3 (w) + k3 (w) + ki (w) (5.38)
+ [2(0:w)|* + |2(0:0)|* + [|AZ f(2)]?] '
similar to above equation
[ (60 = gr(us)) Aunde < € [ (/w0 — un)lu = ws || A"ulde
U U
<O [ (U4 bl funl) ux 14" v |da
U
< O+ [lulldao + lluzllbo)lunll o A unll (5:39)
Lt L 1—4v L 1+4v
< ks (w) A7 un ||| A un ||
v 1+v
< ehd (@) AT un]]® + 1147 un] P,
by (5.38) and (5.39), to get
”AVSOQ(t?vaD(va))HQE < 7‘5(0.)),
this complete the proof. a

6 Random Attractors

In this section, the existence of a D-random attractor for the random dynamical system & associated with
system (3.15) on R® is established. This is done by using Lemma 4.1, which shows that, ® has a closed random
absorbing set in D. This, combined with the D-pullback asymptotic compactness, implies the existence of a
unique D-random attractor. The D-pullback asymptotic compactness of ® will be further demonstrated through
the decomposition of solutions, as discussed in[40, 41, 47, 48].

Lemma 6.1. assume that (h1) — (hs) holds, it can be concluded that the random dynamical system (RDS) ®
associated with equation (3.5) has a uniformly attracting set A(0,w) C E, and a random attractor A(0,w) C
A(0,w) N Bo(w), for any time t > 0 and any value of w € Q.

Proof. For all t > 0,w € , in accordance with Lemma 5.3, define B, (0,w) as the closed ball in Ha42, X Hay
with radius r5(w)
A(va) = BV(O7w)7 (61)

next, A(0,w) € D(E). Since Hay2, x Ha, < HE(U) x L*(U), it is now necessary to demonstrate the attractive
property of A(0,w) : for every B(0,w) € D(E),

tlim dp (®(t,0_+w, B(0,0_¢w)), A(0,w)) = 0. (6.2)
— 00
As per Lemma 5.2, this implies that

0N (0,w, (0,w)) = ©(0,w, P(0,w)) — v (0,w, p(0,w)) € A0, w). (6.3)
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Therefore, Lemma 5.2 yields

Ll (0w, 0(0,0) = Yl < (0w, 920, < ri(@)e* @, > 0. (6.4)

However, for all t > 0
dist(®(t,0_w, B(0,0_,w)), A0, w)) < ri(w)e 271" (6.5)
Finally, it is easy to see from the relationship between ¢ and ¥ that for any non-random, bounded set B C E,
it holds true with probability P-a.s.
dist(V(t, 0_¢w, B(0,0_:w)), A(0,w)) = 0,t — +o0. (6.6)

As a result, the random dynamical system ® connected to (3.5) has a random attractor A(0,w) C A(0,w) N
B(w), A={A(0,w):t>0,w € Q} € Qin R®.
Then the proof is completed. O

Theorem 6.2. Assuming (h1) — (hs) hold, the continuous cocycle ® associated with problem (3.8) or random
dynamical system ® has a unique D-pullback attractor A = {A(T,w) : T € R,w € Q} € D in R5.

Proof. According to Lemma 4.2, the continuous cocycle ® has a closed random absorbing set {A(w)}weq in D.
Additionally, as per (3.17) and Lemma 6.1, the continuous cocycle ® is D-pullback asymptotically compact in
R5. Thus, the existence of a unique DP- random attractor for ® is a direct result of Lemma 2.1. O

7 Conclusion

To summarize, by Lemma 4.1, ® has a closed random absorbing set in D. This, combined with the D-pullback
asymptotic compactness, implies the existence of a unique D-random attractor. We established the D-pullback
asymptotic compactness of ¢ through the decomposition of solutions and proved the existence of a D-random
attractor for the random dynamical system @ associated with system (3.15) in R5. O
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