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1. Introduction

n the literature of graph theory, we can find several graph polynomials based on different matrices defined
m on the graph such as adjacency matrix [1], Laplacian matrix [2], signless Laplacian matrix [3,4], distance
matrix [5], degree sum matrix [6,7], seidel matrix [8] etc. The purpose of this paper is to obtain the characteristic
polynomial of the minimum degree matrix of a graph obtained by some graph operators (generalized xyz-point-line
transformation graphs). For undefined graph theoretic terminologies and notions refer [1,9,10].

Let G = (n,m) be a simple, undirected graph. Let V(G) and E(G) be the vertex set and edge set of G
respectively. The degree degs(v) (or dg(v)) of a vertex v € V(G) is the number of edges incident to it in G.
The graph G is r-regular if the degree of each vertex in G is r. Let {v1,vy, ..., v, } be the vertices of G and let
d; = degg(v;). The minimum degree matrix [11] of a graph G is an n x n matrix MD(G) = [(md);;], whose
elements are defined as

() _{ min{d;, d;} if i,

0 otherwise.

Let I be the identity matrix and | be the matrix whose all entries are equal to 1. The minimum degree
polynomial of a graph G is defined as

Puyp(c)(§) = det(G1 — MD(G)).

The eigenvalues of the matrix MD(G), denoted by ¢y, G2, ..., G are called the minimum degree eigenvalues of
G and their collection is called the minimum degree spectra of G. It is easy to see that if G is an r-regular graph,
then MD(G) = r(] — I). Therefore, for an r-regular graph G of order n,

Pyp(c) (&) = [E—r(n—1)][g+r]" . 1)

The subdivision graph [9] S(G) of a graph G is a graph with the vertex set V(S(G)) = V(G) U E(G) and two
vertices of S(G) are adjacent whenever they are incident in G. The partial complement of subdivision graph [12]
S(G) of a graph G is a graph with the vertex set V(S(G)) = V(G) U E(G) and two vertices of S(G) are adjacent
whenever they are nonincident in G.

In [13], Wu Bayoindureng et al. introduced the total transformation graphs and obtained the basic
properties of total transformation graphs. For a graph G = (V, E), let G° be the graph with V(G?) = V(G)
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and with no edges, G! the complete graph with V(G!) = V(G), G = G, and G~ = G. Let G denotes the
set of simple graphs. The following graph operators depending on x,y,z € {0,1,+, —} induce functions
T : G — §. These operators are introduced by Deng et al. in [14]. They referred these resulting
graphs as xyz-transformations of G, denoted by T**(G) = G*Y* and obtained the Laplacian characteristic
polynomials and some other Laplacian parameters of xyz-transformations of an r-regular graph G. Further,
Basavanagoud [15] established the basic properties of these xyz-transformation graphs by calling them
xyz-point-line transformation graphs.

Definition 1. [14] Given a graph G with vertex set V(G) and edge set E(G) and three variables x,y,z €
{0,1,4, —}, the xyz-point-line transformation graph T*¥*(G) of G is the graph with vertex set V(T™*(G)) =
V(G) U E(G) and the edge set E(T**(G)) = E((G)*) UE((L(G))Y) UE(W) where W = S(G) if z = +,
W = S(G) if z = —, W is the graph with V(W) = V(G) U E(G) and with no edges if z = 0 and W is the
complete bipartite graph with parts V(G) and E(G) if z = 1.

Since there are 64 distinct 3-permutations of {0,1,+,—}. Thus obtained 64 kinds of generalized
xyz-point-line transformation graphs. There are 16 different graphs for each case whenz =0,z =1,z = +,
z=—.

For instance, the total graph T(G) is a graph with vertex set V(G) U E(G) and two vertices of T(G) are
adjacent whenever they are adjacent or incident in G. The xyz-point-line transformation graph T~ (G) is a
graph with vertex set V(G) U E(G) and two vertices of T~ (G) are adjacent whenever they are nonadjacent
or incident in G.

The degree of vertices in the graphs T*Y*(G) are given in the following Theorems 2 and 3, which are
helpful in proving our results.

Theorem 2. [16] Let G be a graph of order n, size m and let v be the point-vertex of T*Y* corresponding to a vertex v of
G. Then

0 if x=0,y€{0,1,+, -},
n—1 ifx=1y€{0,1,+,—},
L dro(0) =0 4 0) i;x=+,yye{{0,1,+,—}},
n—1—-dg(v) ifx=—-,ye€{0,1,+,—}.
m ifx=0,y€{0,1,+,—},
2 o (0) = n+m—1 ifx=1y€{0,1,+,—},
- m+dg(v) if x=+,y¢c{0,1,+, -},
n+m—1—dg(v) ifx=—,ye€{0,1,+ —}.
dg(v) ifx=0,ye{0,1,+, -},
5. oo (0) = n—1+dg(v) ifx=1y€{0,1,+ -},

T 2d¢(v) if x=+,y€{0,1,+ -},
n—1 ifx=—,ye{0,1,+ -}
m—dg(v) ifx=0y€{0,1,+,—},

4 o (o) = n+m—1—dg(v) ifx=1ye{0,1,+ -},
CoTY m if x=+,y€{0,1,+,-},
n+m-—1-2dg(v) ifx=—,y€{0,1,+,—}.

Theorem 3. [16] Let G be a graph of order n, size m and let e be the line-vertex of T*Y* corresponding to an edge e of G.
Then

0 ify=0,x€e{0,1,+, -},
m—1 ify=1x¢€{0,1,+,—},
1. dpol(e) = dc(e) i;izﬁx e{{0,1,+,—}},
[ m—1-da(e) ify=—xe {01+ -}
. ify=0x¢e{0,1,+, -},
2 dr(e) =3 M H e
Tyl n+dG(€) ify:—i—,xE{O,l,“‘/_}/
n+m—1-dgle) ify=-,x€{0,1+ -}
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2 ify=0xe{0,1,+—},
5. oy () = m+1 ify=1x€e{0,1,+, -},
o 2+dg(e) ify=+xe{0,1,+ -},
m+1—dge) ify=—,xe€{0,1,+ -}
n—2 ify=0,x€e{0,1,+, -},
4 dry (0) = n+m-—3 ify=1,x€e{0,1,+,-},
B n—2+dge) ify=4,xe{0,1,+, -},
n+m-3—dg(e) ify=—,xe€{0,1,+, -}

2. Degree exponent polynomial of graphs obtained by graph operations

In this section we obtain the minimum degree polynomial of graphs obtained by some graph operators.
We use the following lemma in order to prove the following theorems.

Lemma 4. [17]If a, b, c and d are real numbers, then the determinant of the form

(€+a)1'fl1 7”]’711 7C]711><712

—dJnyxn, (E+b)Ly, — ]y, )

of order ny + ny can be expressed in the simplified form as
(& +a)" (& + ) (g — (m — 1)a][§ — (n2 — 1)b] — mynacd}.
Theorem 5. Let G be an r-regular graph of order n and size m. Then

Pyproi+ gy (&) = E4+m+1)" G+ & - [(n—Dr+ (m—1)(m+1)]¢
+(n—1)r(m —1)(m+1) — min{m +1,r}*mn}.

Proof. The generalized xyz-point-line transformation graph T"'* (G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree r and the remaining m vertices are with degree m + 1. Hence

—1I) min{r,m+1}Jnxm
MD T01+ G — r(]i’l n )
( (G)) [ min{r,m+1}  uxn (M +1)(Jm — Im)
Therefore,
Prup(ros gy (§) = |§1—MD(T"'*(G))|
_ (C+r)—1]y —min{r,m+1}uxm
—min{r,m+1}Juxn C4+m+1)Ly— (m+1)]m
Using Lemma 4, we get the required result. O

Theorem 6. Let G be an r-reqular graph of order n and size m. Then

PMD(T0*+(G))(§) = (E+r)" N E+m+3-2n)""HE — [(n—1)r+ (m—1)(m+3—2r)|¢
+(n—1)(m —1)r(m+3 —2r) — min{r,m +3 — 2r>mn}.

Proof. The generalized xyz-point-line transformation graph T~*(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree r and the remaining m vertices are with degree m + 3 — 2r. Hence

r(Jn — In) min{r,m—+3 —2r}yxm

MD(T07+<G)) - min{r,m+3—27’}fmxn (m+3—27’)(]m _Im)
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Therefore,
Pyp(ro—+cy(6) = 61— MD(T°~*(G))|
_ (E+7r)n—r1]n —min{r,m+3 —2r}Juxm
—min{r,m+3 —2r} Juxn (C4+m+3—=2r)1y— (m+3—2r)]n
Using Lemma 4, we get the required result. O

Theorem 7. Let G be an r-reqular graph of order n and size m. Then

Pypriosoy(§) = E4+n—1+r)"1¢+2)" & —[(n—1)(n—1+71) +2(m - 1)]g
+2(n—1)(m—1)(n —147r) — min{2,n — 1+ r}y?mn}.

Proof. The generalized xyz-point-line transformation graph T'9*(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree n — 1 + r and the remaining m vertices are with degree 2. Hence

MD(T10+(G)) _ l (n—147r)Ju— L) min{2,n — 141} uxm ]

min{z,nflﬂLT’}]mxn 2(]m 717?1)
Therefore,
Pyp(rior (e (€)= |¢1—MD(T*(G))]
_ | @141~ (n—1+1)] —min{2,n =1+ 1} uxm
—min{2,n — 1+ 7} Jmxn (C+2)Ly —2]m
Using Lemma 4, we get the required result. O

Theorem 8. Let G be an r-regular graph of order n and size m. Then

Pyuprie ey (€)= (@ +n—=14n)"" 1+ m+1)""He? = [(n = 1)(n = 1+7)+ (m—1)(m +1)]¢
+(n—1)(m—=1)(n—14+r)(m+1) —min{n —1+r,m+1}*mn}.
Proof. The generalized xyz-point-line transformation graph T''*(G) of a regular graph G of degree r has two

types of vertices. The n vertices with degree n — 1 + r and the remaining m vertices are with degree m + 1.
Hence

—147r(n—In) min{n —14+r,m~+1}Juxm
Moy =|
( (@) [ min{n —1+r,m+1}uxn (m+1)(Jm — L)
Therefore,
Pyp(ri+(cy (&) = |§1—MD(T'(G))
_ | @n=14n)l—(n—=1+7)]u —min{n —1+r,m~+1}Juxm
—min{n —1+r,m~+1}Juxn C4+m+1)Ly— (m+1)]n
Using Lemma 4, we get the required result. O

Theorem 9. Let G be an r-reqular graph of order n and size m. Then

Pypris+cn (@) = @+n—1+4n)""E+2)" Y - [(n—1)(n—1+7)+ (m—1)21]g
+(n—1)(m—1)(n —1+7r)2r —min{2r,n — 1+ r}*>mn}.
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Proof. The generalized xyz-point-line transformation graph T'**(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree n — 1 4 r and the remaining m vertices are with degree 2r. Hence

MD(T'+(G)) = [ m—14r)J.—IL) min{2r,n — 141} Juxm ] .

min{2r,n — 141} Jmxn 2r(Ji — Im)
Therefore,
Pyp(ri++c)(€) = [¢1—MD(T(G))|
_ E+n—14+rL,—n—-14+7r)], —min{2r,n — 141} Juxm
—min{2r,n — 141} mxn (&+2r) Ly — 2r]m ’
Using Lemma 4, we get the required result. O

Theorem 10. Let G be an r-reqular graph of order n and size m. Then

Pup(ri-+(c) (&) = E+n—14+n)""1E+m+3-2r)""He —[(n=1)(n—1+7)
+(m—1)(m~+3-2r)]¢+ (n—1)(m—1)(n—1+r)(m+3—2r)
—min{m+3—2r,n —1+r}*mn}.

Proof. The generalized xyz-point-line transformation graph T'~*(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree Ry = n — 1 + r and the remaining m vertices are with degree
Ry = m + 3 —2r. Hence

Ri(J, — I, min{R1, Ro} uxm
MD(T'"+(G)) = [ i {ﬁ R} ,fm R{2< I fﬂ ) ] .
Therefore,
Pypr—+y () = 61— MD(T'~*(G))|
‘ (& +Ri)ly = RiJy —min{Ry, Ra} |
—min{Ry, Ra}Jmxn (€ + Ro)Im — RaJm
Using Lemma 4, we get the required result. O

Theorem 11. Let G be an r-regular graph of order n and size m. Then

PMD(T“*(G))(@) = (¢+ 27’)71_1@r +m+ 1)m_1{{,‘2 —[(mn=1)2r+(m—-1)(m+1)]¢
+(n—1)(m —1)2r(m + 1) — min{2r,m + 1}*mn}.

Proof. The generalized xyz-point-line transformation graph T+1*(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree 2r and the remaining m vertices are with degree m + 1. Hence

1y _ 2r(Jn — In) min{2r,m+ 1} Jyxm
MD(T™(G)) = [ min{2r,m + 1} Juxn (m+1)Jm — L) 1
Therefore,
Pyp(r+i+(c) (&) = [§1—MD(T(G))|
(E+2r)I, — 2r], —min{2r,m 4+ 1} Juxm
—min{2r,m + 1} Jmxn E4+m+1)Ly—(m+1)]m |

Using Lemma 4, we get the required result. O
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Theorem 12. Let G be an r-regular graph of order n and size m. Then

Pup(re—+(c)(§) = (E+2r)" (& +m+3=2r)" e —[(n = 1)2r + (m—1)(m+3 - 2r)}¢
+(n—1)(m —1)2r(m + 3 — 2r) — min{2r,m + 3 — 2r}*mn}.

Proof. The generalized xyz-point-line transformation graph T+~ (G) of a regular graph G of degree r has
two types of vertices. The n vertices with degree 2r and the remaining m vertices are with degree m 4 3 — 2r.

Hence
_ 2r(Jn — In) min{2r,m+3 —2r} Jusm
MD(T*"%(G))=| . o
( () [ min{2r,m +3 — 21} Jjuxn (m—+3—=2r)(Jm — L)
Therefore,
Pyp(r+—+(c)(€) = [§I—MD(TT7(G))|
(& +2r)I, —2r], —min{2r,m +3 —2r} uxm
—min{2r,m +3 — 21} Jnxn (C4+m+3=2r)1y— (m~+3—2r)]n

Using Lemma 4, we get the required result. O

Theorem 13. Let G be an r-reqular graph of order n and size m. Then

Pyp(r-o+cn(€) = @+n—-1)""1¢+2)" H& —[(n—-1)(n—1) +2(m —1)]g
+2(n—1)(m —1)(n — 1) — min{n — 1,2}*mn}.

Proof. The generalized xyz-point-line transformation graph T~°%(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree n — 1 and the remaining m vertices are with degree 2. Hence

MD(T%(G))_[ (0 =1)(Jn — 1) mz’n{n—l,z}fnxm]'

min{n — 1,2} Juxn 2(Jm — Im)
Therefore,
Pyp(r-o+(c)(§) = [21—MD(T~(G))|
_ | @Fn=1L—(n—-1)] —min{n —1,2} Juxm
—min{n —1,2} Jmxn (C+2)In —2]m
Using Lemma 4, we get the required result. O

Theorem 14. Let G be an r-reqular graph of order n and size m. Then

Pypr-1+c)(€) = @+n—-1"1E+m+1)" Y& - [(n-1)(n—1)+ (m—1)(m+1)¢
+(n—1)(m—1)(n—1)(m +1) —min{n —1,m 4+ 1}>mn}.

Proof. The generalized xyz-point-line transformation graph T~1* (G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree n — 1 and the remaining m vertices are with degree m + 1. Hence

(n_l)(]n_ln) min{n_1,m+1}]n><m

MD(T ) = | it~ Lomt o (1) O — o)
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Therefore,
Pyp(r-1+cy () = 61— MD(T™'(G))|
_ C+n—1L—(n—=1)J, —min{n —1,m+ 1} Juxm
—min{n —1,m + 1} Juxn E+m+V)Ly—(m+1)]m |
Using Lemma 4, we get the required result. O

Theorem 15. Let G be an r-regular graph of order n and size m. Then

Pup(r-++()(§) = (E+n=1)""(¢+2)" He" = [(n =1)(n = 1) + (m = 1)2r]¢
+(n—1)(m—1)(n —1)2r — min{n —1,2r}*mn}.

Proof. The generalized xyz-point-line transformation graph T~*1(G) of a regular graph G of degree r has
two types of vertices. The n vertices with degree n — 1 and the remaining m vertices are with degree 2r. Hence

MD(T7++(G)) _ [ (n - 1)(]71 - In) min{n — 1,2r}]n><m ] .

min{n — 1,21} Jyxn 2r(Jm — L)
Therefore,
Pyp(r-++(6))(§) = [&I—MD(T~"(G))]
| @En=Dh— -1, —min{n — 1,2} o
—min{n —1,2r} Jmxn (E+2r) Ly — 2r]y
Using Lemma 4, we get the required result. O

Theorem 16. Let G be an r-regular graph of order n and size m. Then

Pupr—+G)(&) = E+n—1)""C+m+3-2r)""HZ - [(n—1)(n—1)
+(m—1)(m+3-2r)¢+mn—1)(m—1)(n—1)(m+3—2r)
—min{n —1,m+3 — 2r}*mn}.

Proof. The generalized xyz-point-line transformation graph T~ (G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree n — 1 and the remaining m vertices are with degree R = m +3 — 2r.

Hence
S _ (n—1)(J, — I) min{n —1, R} Juxm
MD(T™(6)) = l min{n —1,R} Jmxn R(Jm — Im) '
Therefore,
Pyip(r--+())(§) = [&1—=MD(T~~(G))|

B C4+n—1)I,—(n—1), —min{n —1, R} Juxm

B —min{n —1,R} Jmxn (&4 R)In — R]m
Using Lemma 4, we get the required result. O

Theorem 17. Let G be an r-reqular graph of order n and size m. Then

Pyp(ro-an(@) = (C+m—r)""1(G+n-2)""He —[(n=1)(m —r) + (m —1)(n = 2)]¢
+(n—1)(m—1)(m—r)(n —2) — min{m —r,n — 2}>mn}.
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Proof. The generalized xyz-point-line transformation graph T%~(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree m — r and the remaining m vertices are with degree n — 2. Hence

00— B (m—r)(Jn—In) min{m —r,n—2}yxm
MD(TT(G)) = [ min{m —r,n — 2} Juxn (n—2)Jm — Inm) 1
Therefore,
Prvip(ro-(g)(€) = |¢1—MD(T(G))|
_ C+m—r)l,—(m—r)], —min{m—r,n—z}]mm
a —min{m —r,1n — 2} Jmxn (E+n—2Ly—(n—2)]m |
Using Lemma 4, we get the required result. O

Theorem 18. Let G be an r-regular graph of order n and size m. Then

Pup(ro-(c) (&) = (€ +m=r)""N&+n+m—3)""He? — [(n=1)(m —r) + (m = 1)(n +m —3)¢
+(n—1)(m—1)(m —r)(n+m —3) —min{m —r,n +m — 3}*mn}.

Proof. The generalized xyz-point-line transformation graph T%'~(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree m — r and the remaining m vertices are with degree R = n+m — 3.

Hence

_ - —1I) min{m —, R} Juxm

MD(1-(G)) = | (M=) Un ~ I
( (G)) [ min{m — 1, R} Jmxn R(Jm — Im)
Therefore,
Pyip(roi- (6 (€) = |§1—MD(T"~(G))|
| @am-nt— =, —min{m — 1, R}
—min{m — 1, R} J;uxn (E+R)Iy — Ry

Using Lemma 4, we get the required result. O

Theorem 19. Let G be an r-reqular graph of order n and size m. Then

Pup(roe-(c) (&) = (E+m—r)"""(E+n—4+2n)""H —[(n=1)(m—r)+ (m—1)(n—4+2r)]g
+(m—=1)(m—1)(m—r)(n —4+42r) —min{m —r,n — 4+ 2r}>mn}.

Proof. The generalized xyz-point-line transformation graph T~ (G) of a regular graph G of degree  has two
types of vertices. The n vertices with degree m — r and the remaining m vertices are with degree R = n —4 + 2r.
Hence
_ - —1In) min{m —r,R}Jx
MD T0+ G)) = (m r)(]n n y nxm
( (G)) l min{m — 1, R} Jmxn R(Jm — Im)

Therefore,

Pypip(ro+-(c)) (6) 61— MD(T*(G))

| C+m=—r,—(m—1)], —min{m — 1, R} Jnxm
N —min{m — 1, R} Jmxn (€4 R)Ly, — Ry

Using Lemma 4, we get the required result. O
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Theorem 20. Let G be an r-regular graph of order n and size m. Then

Pup(ro—(cp(§) = (E+m=n)""1E+n+m—1-2r)""He? ~[(n—1)(m —r)
+m—-—1)n+m—-1=-2r+n—-1)(m—-1)(m—r)(n+m—1-2r)

—min{m —r,n+m—1—2r}>mn}.

Proof. The generalized xyz-point-line transformation graph T~ (G) of a regular graph G of degree r has
two types of vertices. The n vertices with degree m — r and the remaining m vertices are with degree R =
n-+m—1—2r. Hence

MD(TO__(G)) _ l (m_r)(]n - In) min{m—r,R}]nxm ] .

min{m —r, R} Jxn R(Jm — Im)
Therefore,
Pypiro-—y(6) = 81— MD(T*(G))|
_ (E+m—r)l,—(m—r7r)], —min{m — 7, R} Juxm
—min{m — 1, R} Jiuxn (E+R)Iy — Ry
Using Lemma 4, we get the required result. O

Theorem 21. Let G be an r-regular graph of order n and size m. Then

PMD(TW*(G))(C) = @E4n+m—r—1)"1E+n-2)""YHE - [(n-1)(n+m—r—1)+m—1)(n—2)|¢
+(m—1)(m—-1)(n+m—-r—1)(n—2) —min{n+m—r —1,n—2}*mn}.
Proof. The generalized xyz-point-line transformation graph T'~ (G) of a regular graph G of degree r has two

types of vertices. The n vertices with degree Ry = n +m — r — 1 and the remaining m vertices are with degree
Ry =n+m—1-—2r. Hence

- R Un - In) min{Rl, RZ}]nxm
MD(T®=(G) =| .
( ( )) mln{Rl/RZ}jmxn R2(]m - Im)
Therefore,
Pyip(ro-cy(§) = [¢I— MD(T'~(G))|
_ (‘:“‘Rl)ln —RqJn —min{Rl;RZ}]nxm
_min{R1/R2}Im><n (§+R2)Im —RaJm .
Using Lemma 4, we get the required result. O

Theorem 22. Let G be an r-regular graph of order n and size m. Then

Pypr-(g)(8) = Etntm—r—1)"Ye+n+m-3)""HEZ - [(n-1)(n+m—r—1)
+(m—-1)(n+m-=3)]+n—-1)(m—-1)(n+m—r—1)(n+m—23)

—min{n+m—r—1,n+m—3}?mn}.

Proof. The generalized xyz-point-line transformation graph T!''~(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree Ry = n +m — r — 1 and the remaining m vertices are with degree
Ry, = n+ m — 3. Hence

Rl(]n _In> min{erR2}]n><m

11— G)) =
MD(T"(G)) min{Ry, Ry} Jmxn Ro(Jm = Im)
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Therefore,
Pypiri-c)(€) = 81— MD(T''~(G))|
_ (C+R1)In — RiJn _min{RlzRZ}]nxm
_min{leRZ}]mxn (€+R2)Im_RZIm
Using Lemma 4, we get the required result. O

Theorem 23. Let G be an r-regular graph of order n and size m. Then

Pyp(rie—(en(@) = (E+ntm—r—1)" ¢ +n+2r = 4" He? ~[(n=1)(n+m—r—1)
+m—1)(n+2r—4)c+n—-1)(m—-1)(n+m—r—1)(n+2r—4)
—min{n+m—r—1,n+2r —4}°mn}.
Proof. The generalized xyz-point-line transformation graph T'*~ (G) of a regular graph G of degree r has two

types of vertices. The n vertices with degree Ry = 1 4+ m — r — 1 and the remaining m vertices are with degree
Ry = n+ 2r — 4. Hence

- Ri(Jn — In) min{ Ry, Ro} Juxm
MD(TH(G) =| .7} :
( ( )) l m”’l{Rl/ RZ}]mxn RZ(]m - Im)
Therefore,
Pyp(rie- 6y (€) = [¢1—MD(T*(G))|
_ (§+R1)1n —RqJn —min{Rl,R2}]n><m .
—min{Ry, Ro}Jimxn (¢ + Ro)Lm — RaJm

Using Lemma 4, we get the required result. O

Theorem 24. Let G be an r-reqular graph of order n and size m. Then

Pupri—(c) (@) = @+n+m—r=1)""E+n+m—2r—1)"" G —[(n=1)(n+m—r—1)
+(m—-—1)(n+m—-2r—=1)]C+(n—1)m—-1)(n+m—r—1)(n+m—2r—1)

—min{n+m—r—1,n+m—2r —1}>mn}.

Proof. The generalized xyz-point-line transformation graph T'~~(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree Ry = n +m — r — 1 and the remaining m vertices are with degree
Ry =n+m —2r — 1. Hence

MD(T'"(G)) = [ Ri(fo=1s)  min{Ry,Ro}fucn ]

min{Rl,Rz}]mxn RZ(]TH _Im)
Therefore,

81— MD(T'"~(G))]

_ (C+R1)In —R1Jn —min{erRZ}]nxm
—min{Ry, Ra} Jmxn (64 R2)Ly — Ry Jm

Pyip(m1--(6))(€)

Using Lemma 4, we get the required result. O
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Theorem 25. Let G be an r-regular graph of order n and size m. Then

Pupr+o-c)(€) = (G+m)" 1 (G+n—2)""He —[(n—1)m+ (m—1)(n—2)|
+(n—1)(m —1)m(n —2) — min{m,n —2}*mn}.

Proof. The generalized xyz-point-line transformation graph T™0~(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree m and the remaining m vertices are with degree n — 2. Hence

. n—In) min{m,n — 2} [uxm
MD(T*0- Gy = | ™U .
( (G)) [ min{m,n — 2} Jyuxn (n—=2)Jm — In)
Therefore,
Pyp(r+o-(c))(€) = |¢1—MD(T™7(G))|
_ (C+m)I, —m], —min{m,n — 2} [uxm
—min{m,n — 2} Juxn E4+n—2)Lp—(n—=2)m |
Using Lemma 4, we get the required result. O

Theorem 26. Let G be an r-regular graph of order n and size m. Then

Pupra-c)(€) = (E+m)" 1 (E+n+m—3)""g —[(n—1)m+ (m—1)(n+m—3)¢
+(n—1)(m —V)ym(n +m —3) — min{m,n +m — 3}>mn}.

Proof. The generalized xyz-point-line transformation graph T*!~ (G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree m and the remaining m vertices are with degree n + m — 3. Hence

1o B m(Jy — In) min{m,n +m — 3} Juxm
MD(T™(G)) = [ min{m,n +m — 3} Jxn (m+m—=23)Jm— In)
Therefore,
Pyp(r+1-c)(€) = [¢1—MD(T™'=(G))|
_ (& +m)ly —m]y —min{m,n +m — 3} Juxm
—min{m,n +m — 3} Jnxn (E+n+m—3)L, — (n+m—3)]y
Using Lemma 4, we get the required result. O

Theorem 27. Let G be an r-reqular graph of order n and size m. Then

PMD(T***(G))(‘:) = (C+ m)nil (E+n+2r— 4)"171{62 —[m=1)ym+ (m—-1)(n+2r—4)|¢
+(n—=1)(m —1V)ym(n+2r —4) — min{m,n + 2r — 4}>mn}.

Proof. The generalized xyz-point-line transformation graph T+~ (G) of a regular graph G of degree r has
two types of vertices. The n vertices with degree m and the remaining m vertices are with degree n + 2r — 4.
Hence

m(Jn — Iy) min{m,n +2r — 4} Jnxm

MD(TT(G)) = min{m,n+2r — & Jmxn (1 +2r —4) (o — In)
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Therefore,
Pyipr++-())(§) = |81 —=MD(T™"(G))|
_ (‘:+m)ln —mjy —min{m,n+27—4}]nxm
—min{m,n +2r — 4} Juxn (C+n+2r—4)L, — (n+2r —4)Jm
Using Lemma 4, we get the required result. O

Theorem 28. Let G be an r-regular graph of order n and size m. Then

Pup(r—(cp(©) = @+m)" (G +n+m—1=2r)""He — [(n = 1)m+ (m = 1)(n+m—1-2r)]g
+(n—=1)(m—Vmn+m—1-2r) —min{n+m—1-2r,n+m—1-2r}*mn}.

Proof. The generalized xyz-point-line transformation graph T+~ (G) of a regular graph G of degree r has
two types of vertices. The n vertices with degree m and the remaining m vertices are with degree R = n +m —
1 — 2r. Hence
o —1I) min{m, R} Juxm
MD(T+(G)y = | MUn—In :
( () [ min{m, R} Jxn R(Jm — Im)

Therefore,
Pyip(r+—-(6))(§) = |81 —MD(T™~~(G))|
_ | @+ m)ly—m]y —min{m, R} Jnxm
—min{m, R} Jnxn (E+R)w—RJm |
Using Lemma 4, we get the required result. O

Theorem 29. Let G be an r-reqular graph of order n and size m. Then

Pyup(r-o-c)(€) = @+n+m+3—4n)""1g+n-2)""H —[(n—1)(n+m+3—4r)
+(m—-1)(n—-2)]+(n—1)(m—1)(n+m+3—4r)(n—2)
—min{n+m+3—4r,n —2}>mn}.

Proof. The generalized xyz-point-line transformation graph T~ (G) of a regular graph G of degree  has two
types of vertices. The n vertices with degree R = n 4 m + 3 — 4r and the remaining m vertices are with degree
n — 2. Hence

_o0- B R(Jn—In) min{n —2, R} Juxm
MD(T™(C)) = l min{n — 2, R} Jmxn (n—=2)(Jm — L) ] '
Therefore,
Pypr-o-c)(6) = 81— MD(T7(G))|
B (¢+R)I, — RJ, —min{n — 2, R} Juxm
B —min{n —2, R} Juxn (E+n—2)y — (n—2)]m
Using Lemma 4, we get the required result. O

Theorem 30. Let G be an r-regular graph of order n and size m. Then

Pvpri-c) (@) = @+n+m+3—4r)""1G+n+m—3)""{5 —[(n—1)(n+m+3—4r)
+(m—-1)(n+m—=3)|]C+n—1)(m—-1)(n+m+3—4r)(n+m—3)
—min{n+m+3—4r,n+m — 3} mn}.
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Proof. The generalized xyz-point-line transformation graph T~!~ (G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree R = n + m + 3 — 4r and the remaining m vertices are with degree
n+m — 3. Hence

MD(Tflf(G)) — [ R(Jn — In) min{n+m —3,R}uxm 1 ‘

min{n+m—3,R}uxn  (n+m—23)Jm— In)

Therefore,

Pyiper-1-(c)(6) 61— MD(T~'(G))|

_ | @+R)y—RJx —min{n+m —3,R}Juxm
—min{n +m —3, R} mxn @+n+m—3)y—(n+m—3)|u
Using Lemma 4, we get the required result. O

Theorem 31. Let G be an r-reqular graph of order n and size m. Then

Pyp(r—+-()(&) = ((+n+m+3— 4y 4 n2r —4)"HE — [(n—1)(n+m+3 —4r)
+m—-1n+2r -4+ n—-1)(m—-1)(n+m+3—4r)(n+2r —4)
—min{n+m+3—4r,n+2r — 4}>mn}.

Proof. The generalized xyz-point-line transformation graph T~*~(G) of a regular graph G of degree r has

two types of vertices. The n vertices with degree R = n + m + 3 — 4r and the remaining m vertices are with
degree n + 2r — 4. Hence

e R(J, — In) min{n +2r — 4, R} Juxm
MD(T*(G))=| . .
( (G)) [ min{n +2r —4, R} Juxn (n+2r —4)(Jm — In)
Therefore,
Pyp(r-+-(6)(§) = [§I—MD(T~"(G))]
_ | @+R)w—=RJn —min{n+2r — 4, R} Juxm
—min{n +2r —4, R} Jmxn (C+n+2r—4)Ly,— (n+2r—4)]n

Using Lemma 4, we get the required result. O

Theorem 32. Let G be an r-reqular graph of order n and size m. Then

Pyp(r——(c) (&) = (E+n4+m+3—4r)" 1 E+n+m—2r—1)" Y& —[(n—1)(n+m+3—4r)
+m-—1Dn+m—-2r—1D] ¢+ n-1)(m—-1)(n+m+3—4r)(n+m—2r—1)
—min{n+m+3 —4r,n+m —2r —1}>mn}.

Proof. The generalized xyz-point-line transformation graph T~~~ (G) of a regular graph G of degree r has
two types of vertices. The n vertices with degree Ry = n + m + 3 — 4r and the remaining m vertices are with
degree Ry = n+m — 2r — 1. Hence

Rl(]n _In) min{RlzRZ}]nxm

MD(T___(G)) - min{er RZ}]mxn RZ(]m - Im)
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Therefore,
Pyp(r-—--)(&) = [§1—MD(T " (G))|
_ (E+Ry)In — RiJn —min{Ry, Ry} Juxm
—min{Ry, Ry} Jmxn (€4 Ro)Im — RoJm
Using Lemma 4, we get the required result. O

Theorem 33. Let G be an r-regular graph of order n and size m. Then

Pyp(ron ey (@) = (E+m)" 1 +nm)" e~ [(n = V)m + (m — 1)n)¢

+(n—1)(m — 1)mn — min{m, n}>mn}.

Proof. The generalized xyz-point-line transformation graph T%!(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree m and the remaining m vertices are with degree n. Hence

MD(TOOl(G)):[ m(Jn = In) miﬂ{m,n}hxm].

min{mln}]mxn n(]m _Im)
Therefore,
Pyp(ron ) (§) = [§1 = MD(T?Y(G))|
(E+m)l, —m]y, —min{m,n} Jyxm
—min{m, n}Jmxn (E4+n)ly—nfm |
Using Lemma 4, we get the required result. O

Theorem 34. Let G be an r-reqular graph of order n and size m. Then

Pyprongp(§) = (&+ m)" Y E+n+m—=3)"" Y& —[(n—1)m+ (m—1)(n+m—3)|¢
+(n—1)(m—1)ym(n+m —3) — min{m,n+m —3}>mn}.

Proof. The generalized xyz-point-line transformation graph T"'!(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree m and the remaining m vertices are with degree n + m — 3. Hence

— 1) min{m,n+m — 3} Juxm
MD T011 G — m(]'fl n
(T7(6) [ min{m,n +m — 3} Jyxn (n+m—=3)Jm — In)
Therefore,
Pup(ron(cy (&) = &1 = MD(T(G))]
_ (&4 m)l, —m]y, —min{m,n +m —3}Juxm
—min{m,n +m — 3} Jmxn (E+n+m—3)L,— (n+m—3)]y
Using Lemma 4, we get the required result. O

Theorem 35. Let G be an r-reqular graph of order n and size m. Then

Pyperongpy(€) = (E+ m) "N En42r —2)" " HE — [(n—1)m+ (m—1)(n+2r —2)]¢
+(n—1)(m — V)ym(n +2r —2) — min{m,n +2r — 2}>mn}.
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Proof. The generalized xyz-point-line transformation graph T%*!(G) of a regular graph G of degree r has two
types of vertices. The n vertices with degree m and the remaining m vertices are with degree n + 2r — 2. Hence

— 1) min{m,n +2r — 2} Jyxm
MD T0+l G — m(]’fl n
( (G)) [ min{m,n +2r — 2} Juxn (n+2r —2)(J; — Im)
Therefore,
Pyp(roti(gy(€) = 61— MD(T**1(G))|
_ (E+m)ly, —m], —min{m,n +2r — 2} Juxm
—min{m,n+2r =2} Jmxn (E4+n+2r—2)Ly— (n+2r—2)Ju
Using Lemma 4, we get the required result. O

Theorem 36. Let G be an r-reqular graph of order n and size m. Then

Pypero-1gp(€) = (E+ m)" N Erndm+1-20)""HE —[(n—1)ym+(m—1)(n4+m+1—2r))&
+(n—1)(m—V)m(n+m+1—2r) —min{m,n+m+1—2r}>mn}.
Proof. The generalized xyz-point-line transformation graph T°~!(G) of a regular graph G of degree r has two

types of vertices. The n vertices with degree m and the remaining m vertices are with degree R =n +m +1 —
2r. Hence

MD(T1(G)) = [ mﬁ{(ﬁ,gfﬁim mi1z§;:1'§}1{;1)xm 1

Therefore,
Pypro-1(g)(§) = [§1—MD(T*7H(G))|
| (E4+m), —m]y —min{m, R} Jnxm
B —min{m, R} Jmxn (&+R)In — R]m
Using Lemma 4, we get the required result. O

Theorem 37. Let G be an r-regular graph of order n and size m. Then

Pypirioniy(§) = @+n+m—1)""1E+m)" {E —[(n—1)(n+m—1)
+(m—1)n)E+ (n—1)(m—1)(n+m—1)n —min{n+m—1,n}>mn}.
Proof. The generalized xyz-point-line transformation graph T1°1(G) of a regular graph G of degree r has two

types of vertices. The n vertices with degree n + m — 1 and the remaining m vertices are with degree n. Hence

101 _
MD(TH(G)) = min{n+m—1,1n}Jmxn n(Jm — L)

(1’l—|—m—1)(]n—ln) min{n+m—1/7’l}]nxm 1

Therefore,

eI — MD(T'(G))|

PMD(T101(G)) (5)

(E+n+m—1)IL—(n+m—1)J, —min{n+m—1,n}]uxm
—min{n+m—1,n}mxn (E+n)Ly —nfy

Using Lemma 4, we get the required result. O
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Theorem 38. Let G be an r-regular graph of order n and size m. Then the degree exponent polynomial of T (G) is
Pyprme) (&) = [E = (n+m—17][E+ (n+m — 1)L,

Proof. The generalized xyz-point-line transformation graph T'''(G) of a regular graph G of degree r is a
regular graph of degree n + m — 1. Hence the result follows from (1). O

Theorem 39. Let G be an r-regular graph of order n and size m. Then

Pyprisien(@) = (E+nt+m—1)""@+n+2r=2)"He —[(n—1)(n+m—1) + (m—1)(n+2r —2)]¢
+(n—1)(m—=1)(n+m—1)(n+2r —2) —min{n +m—1,n+2r — 2}*mn}.
Proof. The generalized xyz-point-line transformation graph T'+1(G) of a regular graph G of degree r has two

types of vertices. The n vertices with degree Ry = n 4+ m — 1 and the remaining m vertices are with degree
Ry =n+2r — 2. Hence

R — 1 min{Rq, R
C T P e st
Therefore,
Pyp(risigy (&) = |§1—MD(T'(G))|
_ ‘ (€+ Ri)Iy — Ry, —min{Ry, Ry} Juxm
—min{Ry, Ry} Jmxn (€ +Ro)Im —RoJm |
Using Lemma 4, we get the required result. O

Theorem 40. Let G be an r-reqular graph of order n and size m. Then

Pyupri-icy (@) = @E4+n+m—=1)"1G+n+m+1-2n)""H& —[(n-1)(n+m—1)
+m—-1)(n+m+1=-2r]+n-1)(m—-1)(n+m—-1)(n+m+1—2r)
—min{n+m—1,n+m+1—2ry>mn}.

Proof. The generalized xyz-point-line transformation graph T1-1 (G) of a regular graph G of degree r has two

types of vertices. The n vertices with degree Ry = n + m — 1 and the remaining m vertices are with degree
Ry =n+m+1—2r. Hence

— R (]n - In) min{er RZ}]nxm
MD(TYG)) = o .
( ( )) mln{Rlz RZ}]mxn RZ(]m - Im)
Therefore,
Pup(riiy(§) = |§1—MD(T''(G))]
_ (§+R1)In — Ry _min{erRZ}]nxm
—min{ Ry, Ra} Jmsxn (€ +Ro)Imw — RaJm

Using Lemma 4, we get the required result. O

The proof of the following theorems are analogous to that of the above.
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Theorem 41. Let G be an r-regular graph of order n and size m. Then

Pup(roen(@) = (C+m+r)""E+m)" He? —[(n—1)(m +r) + (m—1)n]g
+(n—1)(m —1)(m +r)n — min{n,m + rY>mn}.

Theorem 42. Let G be an r-regular graph of order n and size m. Then

Pup(rne) (@) = @ +m+r)" & +m+n—1))""e — [(n=1)(m+7r)+ (m=1)(m+n-1)|
+(n—1)(m—=1)(m+r)(m+n—1) —min{m+r,m+n—1}*mn}.

Theorem 43. Let G be an r-regular graph of order n and size m. Then

Pup(r+iep(§) = (E+m+n)""HE+n+2r—2)" " Hg? —[(n = 1)(m +r) + (m—1)(n +2r - 2)|¢
+(n—1)(m—1)(m+7)(n+2r —2) — min{m +r,n+2r — 2}*mn}.

Theorem 44. Let G be an r-regular graph of order n and size m. Then

Pup(re-icy (@) = @+m+n)"" E+n+m+1-2r)""g — [(n=1)(m+r)+ (m—1)(n+m+1-2r)]g
+(m—=1)(m—=1)(m+r)(n+m+1—-2r) —min{m+r,n+m+1—2r}>mn}.

Theorem 45. Let G be an r-regular graph of order n and size m. Then

Pup(r-oc)() = @+n+m=1—=r)""1E+n)" e~ [(n=1)(n+m—1—-r)+ (m—1)n)¢
+n(n—1)m—-1)(n+m—1—r)—min{n,n+m—1—r}>mn}.

Theorem 46. Let G be an r-regular graph of order n and size m. Then

Puprney(@) = @GHntm—1-r)"""G+n+m-1)""HF - [(n-1)(n+m—-1-r)
+(m—-1)n+m-D)+n—-1)m—-1)n4+m—-1-r)(n+m—1)— (n+m—1)>mn}.

Theorem 47. Let G be an r-regular graph of order n and size m. Then

Pypr—+1)(6) = (@+n+m—1 )" e nt2r =2 HE (-1 (n+m—1—r)
+(m—-1)(n+2r=2)]+n—-1)(m—-1)(n+m—1—r)(n+2r—2)
—min{n+m—1—r,n+2r —2}2mn}.

The minimum degree polynomial of subdivision graph (T%*) [9], total graph T+ [9], semitotal point
graph (T+9%) [18], semitotal line graph (T%**) [19] can be found in [11].
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